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USING QUADRANT SHIFTING TO FACILITATE BINARY ARITHMETIC 
WITH TWO'S COMPLEMENT OPERANDS 

FIELD OF THE INVENTION 

The invention relates generally to data processing using binary arithmetic and, more 
particularly, to binary arithmetic with two's complement operands. 

BACKGROUND OF THE INVENTION 

Representation of binary arithmetic operands in two's complement format is useful in 
many data processing applications. For example, if the precision of the operand is 8 bits, 
then the values of the operand will range from -128 to 127. Such a two's complement 
representation is often illustrated by a circle as shown in FIGURE 1. 

The two's complement representation has been used, for example, in the alpha and 
beta state metric calculation blocks of conventional turbo decoders. The two's complement 
representation is useful in the alpha and beta state metric calculations because the value of 
these metrics increases during each iteration of the trellis. When, for example, a binary 
operand reaches the maximum positive value which can be represented by a specific number 
of bits, a further increase in the magnitude of that operand will cause its value to wrap 
around the circle to the most negative number, for example, -128 in an 8 bit representation. 
As a specific example, adding 2 to 127 causes an overflow to -127 as shown below: 
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127 0111 1111 

2 0000 0010 

129 1000 0001 

-127 1000 0001 

This wrap-around operation associated with two's complement representation 

advantageously normalizes operands automatically, without requiring additional 

normalization circuitry. 

Viterbi decoders have trellis properties that are similar to turbo decoders, and part of 

the Viterbi decoder is comparable with either the beta or alpha state metric blocks of the 

turbo decoder, so two's complement representation is also conventionally used in some 

Viterbi decoders for similar normalization purposes. The two's complement format can be 

useful in many data processing applications, such as those where operand normalization is 

needed. 

Referring again to the circle of FIGURE 1, and considering the example of a turbo 
decoder, the two's complement technique works for the alpha and beta state metric blocks, as 
long as all metric values for each of the turbo decoder states reside in one-half (two adjacent 
quarters) of the circle for each recursive operation of the turbo decoder. If the alpha or beta 
state metric values for any state of the turbo decoder reside in more than two adjacent 
quarters of the circle, then it is not possible to determine overflows. This situation of having 
alpha or beta state metric values for a given state residing in more than two adjacent quarters 
of the circle could happen if there are not enough bits for the operands. Therefore, 
conventional turbo and Viterbi decoders that use two's complement normalization typically 
ensure that, for each iteration of the turbo decoder trellis, there are enough bits available to 
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prevent the alpha and beta state metrics from residing in more than two adjacent quarters of 
the circle. 

Although the use of two' s complement representation can be advantageous in binary 
arithmetic calculations, nevertheless the present invention has discovered that problems can 
arise when binary arithmetic operands cross the maximum positive/maximum negative value 
boundary. In order to avoid these problems, the present invention provides a quadrant 
shifting technique wherein the values of the binary operands are adjusted (relocated on the 
circle) appropriately to avoid arithmetic operations that cross the maximum 
positive/maximum negative value boundary. Advantageously, the quadrant shifting 
technique can also be designed to reduce the number of bits required for two's complement 
representation of the operands. 
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BRIEF DESCRIPTION OF THE DRAWINGS 

FIGURE 1 is a conventional circle diagram which illustrates two's complement 
representation of binary numbers. 

FIGURE 2 illustrates a conventional turbo encoder architecture. 

FIGURE 3 illustrates a conventional turbo decoder architecture. 

FIGURE 4 illustrates the conventional decoder blocks of FIGURE 3 in more detail. 

FIGURE 5 illustrates the conventional extrinsic block of FIGURE 4 in more detail, 

FIGURE 6 is a circle diagram for two's complement representation which illustrates 
the quadrant shifting technique according to the invention. 

FIGURE 7 diagrammatically illustrates exemplary embodiments of an extrinsic block 
including quadrant shifters according to the invention. 

FIGURE 7 A diagrammatically illustrates an exemplary branch of an extrinsic block 
adder tree using quadrant shifters according to the invention. 

FIGURE 8 illustrates a branch of a conventional extrinsic block adder tree such as 
shown in FIGURE 5. 

FIGURE 9 diagrammatically illustrates exemplary embodiments of the quadrant 
shifters of FIGURES 7 and 7A. 

FIGURES 10 and 11, taken together, diagrammatically illustrate an exemplary 
embodiment of the quadrant identifier of FIGURE 9. 

FIGURE 12 illustrates in tabular format an exemplary embodiment of the rotation 
selector of FIGURE 9. 
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FIGURE 1 3 diagrammatically illustrates an exemplary embodiment of the rotator of 
FIGURE 9. 
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DETAILED DESCRIPTION 

For clarity of exposition, the present invention will be described in conjunction with 
exemplary binary arithmetic calculations performed by the extrinsic block of a conventional 
turbo decoder. However, as will be apparent from the following description, the present 
invention is applicable to a variety of applications which utilize two's complement operands 
for binary arithmetic. 

FIGURE 2 illustrates an example of a conventional turbo encoder including parallel 
encoder blocks which respectively receive the systematic data Xk and an interleaved version 
of the systematic data, and respectively produce parity data p l k and p2 k . The systematic data 
and the parity data are then multiplexed for modulation and transmission across a 
communication channel. 

FIGURE 3 illustrates a conventional turbo decoder which attempts to recover the 
original systematic data x k from the received systematic data X k and the received parity data 
Plk and P2 k . The turbo decoder of FIGURE 3 includes a pair of decoder blocks which 
respectively correspond to the encoder blocks of FIGURE 2, and interleaver and de- 
interleaver blocks (I and I' 1 ) which account for the interleaver block (I) of FIGURE 2. The 
decoder block functions of FIGURE 3 are maximum a posteriori (MAP) decoder block 
functions. The leftmost decoder block processes the non-interleaved data and the rightmost 
decoder block processes the interleaved data. 

FIGURE 4 illustrates the decoder blocks of FIGURE 3 in more detail. As shown in 
FIGURE 4, a MAP decoder block calculates 3 vectors, namely alpha state metrics, beta state 
metrics and extrinsics. The alpha state metrics are produced by an alpha block, the beta state 
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metrics are produced by a beta block (and stored in a beta RAM), and the extrinsics are 
produced by an extrinsic block. The extrinsic block receives as input the beta state metrics, 
the alpha state metrics and parity data from the communication channel The alpha block 
receives as input systematic data and parity data from the communication channel, as well as 
a priori data, and alpha state metrics fed back from the output of the alpha block. The a 
priori data is either interleaved or de-interleaved extrinsics from the other MAP decoder (see 
also FIGURE 3). The beta block receives as input systematic data and parity data from the 
communication channel, as well as a priori data, and beta state metrics fed back from the 
output of the beta block. 

FIGURE 5 illustrates the extrinsic block of FIGURE 4 in more detail. The first stage 
of the extrinsic block is an adder tree 5 1 which sums together the beta state metrics, the alpha 
state metrics and the parity data. The remaining stages of the extrinsic block include 
respective pluralities of MAXstar blocks which, taken together, form a MAXstar tree in 
which the log probability of a 1 is calculated in the top half of the tree and the log probability 
of a 0 is calculated in the bottom half of the tree. The log probability of a 1 is subtracted at 
52 from the log probability of a 0 to generate the extrinsic, Wk. 

The general form of the equation for the log probability of 1, for example, is: 
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where Ak is the alpha metric of a given state at time k, Bk + 1 is the beta metric of a given 
state at time k + 1 , F k is a summation of the systematic data, the parity data and the extrinsic 

data at time k, and S is the number of states. 

If the alpha and beta state metrics are provided in two's complement format, these 
metrics can range anywhere on the circle in FIGURE 1 . Thus, the alpha and beta state metric 
data entering the extrinsic block of FIGURE 5 can range anywhere on that circle. Adding 
the alpha and beta state metrics together can be a problem if the metrics cross the maximum 
positive/maximum negative value boundary (for example the 127/-128 boundary of FIGURE 
1). In the following example, the alpha and beta state metrics for S=8 states at time k are 
represented in 8 bit full precision format: 

A k = {130, 128, 125, 120, 121, 122, 124, 124}(max(A k ) - 130) 
B k+1 = {124, 131, 124, 124, 124, 124, 124, 124}(max(B k+ 0= 131) 
These same alpha and beta state metrics are as follows when represented in 8 bit two's 
complement format: 

A k = {-126, 428, 125, 120, 121, 122, 124, 124}(max(A k ) = -126) 
B k+ i = {124, -125, 124, 124, 124, 124, 124, 124}(max(B k+1 ) - 425) 
Assuming, for example, that = -2 , and using the aforementioned general form of the log 
probability of a 1, the full precision representation yields: 



In [?rob[l] ] = ln[e [l30+131 - 2 ] + e [us+124 ' 2 1 + e [] 



125+124-2 




while the two's complement representation yields: 



ln[Pro6[l] ]=ln[e [ - 



[-126-125-2 ] , [-128+124-2 
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The exponent values in the foregoing full precision log probability expression are 259, 250, 
247, in which 259 is the largest (correct answer), and the exponent values in the 
foregoing two's complement log probability expression are -253, -6, 247, in which 
-253 is not the largest (incorrect answer). Thus, because the two's complement 
representation causes, for example, the full precision alpha metric 1 30 and the full precision 
betametric 131 to cross over the 127/-128 boundary to -126 and -125, respectively, the log 
probability expression yields an incorrect answer. 

The present invention therefore provides for moving the alpha and beta state metrics 
around the circle of FIGURE 1 such that the cross over from maximum positive to maximum 
negative is avoided. An exemplary approach of the present invention is illustrated in the 
circle of FIGURE 6, wherein four quadrants 0, 1, 2 and 3 are designated. According to 
exemplary embodiments of the invention, alpha and beta state metrics are moved along the 
circle until they reside in quadrant 0, quadrant 3 or both quadrants 0 and 3. This operation is 
accomplished by a quadrant shifter, two of which are illustrated in FIGURE 7, one for the 
alpha metrics and one for the beta metrics. The quadrant shifters receive the respective alpha 
and beta metrics, perform the necessary quadrant shifting such that the alpha and beta 
metrics lie in quadrant 0, quadrant 3 or quadrants 0 and 3, and then output the shifted metrics 
to, for example, the adder tree 51 at the first stage of the extrinsic block illustrated in 
FIGURE 5. 

The alpha and beta metrics which are input to the quadrant shifters of FIGURE 7 
represent data that has traversed the circle of FIGURE 6 many times. The value of the data 
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is not the most important information about the turbo decoder states. The relative difference 
between the data is the important thing. Therefore, adding a uniform number to all of the 
metrics does not change the relative difference therebetween. In the 8 bit precision example 
of FIGURE 6, adding 64 has the effect of rotating the number counterclockwise in the circle 
to the next quadrant, and subtracting 64 has the effect of rotating the number clockwise in 
the circle to the next quadrant. Adding 128 has the effect of rotating numbers from two 
adjacent quadrants counter clockwise into the opposite two adjacent quadrants, for example 
from quadrants 1 and 2 into quadrants 3 and 0. 

Referring again to the exemplary two's complement alpha and beta metrics shown 
above, the following modified alpha and beta state metrics (labeled as A' k and B' k + 0 are 
obtained by adding 128 to the two's complement representations shown above: 

A'k = { 2, 0, -3, -8, -7, -6, -4, -4} (max A' k = 2) 

B' k+ 1 = {-4, 3, -4, -4, -4, -4, -4, -4} (max B' k+ , = 3) 

Plugging these metrics into the aforementioned log probability of a 1 expression 

yields: 



The exponents of this expression are 3, -6, -9, . . ., in which 3 is the largest (correct answer). 
Thus, by adding 128 to shift the metrics from quadrants 1 and 2 to quadrants 0 and 3, the 
above-described problem of the maximum positive/maximum negative value boundary is 
advantageously avoided. 
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The following example shows subtracting 64 from the two' s complement number 97, 
which is in quadrant 1 : 

97 0110 0001 

-_64 1100 0000 

33 0010 0001 

Subtraction of 64 results in 33, thereby rotating the metric from quadrant 1 into quadrant 0. 
Moreover, although the input metric value of 97 uses 8 bits of precision, the output value of 
33 requires only 7 bits of precision. More specifically, bits 0 through 5 of the value 33 
merely replicate bits 0 through 5 of the value 97, and bit 6 of the value 97 is simply inverted 
to produce bit 6 of the value 33. 

The following is an example of adding 64 to a two's complement value (-66) in 
quadrant 2: 

-66 1011 1110 

+64 0100 0000 

- 2 1111 1110 

In this example, adding 64 moves the value from quadrant 2 into quadrant 3 (-2). Again, bits 

0 through 5 of the value -2 are obtained by merely replicating bits 0 through 5 of the value 

-66, and bit 6 of the value -2 is obtained by simply inverting bit 6 of the value -66. 

The following is an example of adding 128 to a two's complement value (97) in 

quadrant 1 in order to rotate that value to a value (-31) in quadrant 3: 

97 0110 0001 

+128 1000 0000 

-31 1110 0001 
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In this example, bits 0 through 6 of the value -31 merely replicate bits 0 through 6 of the 
value 97. 

The foregoing examples indicate that, when (for example) an 8 bit precision two's 
complement number is moved into quadrant 0 or quadrant 3, by adding 64 or 128, or by 
subtracting 64, the result (located in quadrant 0 or quadrant 3) can be expressed with only 7 
bits of precision. Thus, the quadrant shifters shown in FIGURE 7 advantageously reduce the 
precision requirements of any subsequent binary arithmetic, for example, the precision with 
which the extrinsic block of FIGURE 5 must function. This is shown more clearly in 
FIGURE 7A, which illustrates the bit precision effect of the quadrant shifters of FIGURE 7 
on a single branch of an adder tree (such as shown in FIGURE 5). In FIGURE 7A, the alpha 
and beta state metrics are provided as 8 bit numbers and applied to the quadrant shifters, 
which in turn produce 7 bit numbers. The 7 bit numbers are summed together at 75 to 
produce an 8 bit number, which is summed at 76 with a parity data summation 77 to produce 
a 9 bit number. 

This is to be contrasted with the conventional adder tree branch shown in FIGURE 8, 
which adder tree branch does not include the quadrant shifters of FIGURES 7 and 7 A at its 
alpha and beta metric inputs. In the conventional example of FIGURE 8, the 8 bit metrics 
are added at 75 to produce a 9 bit number which is then added at 76 to the parity data 
summation 77 to produce a 10 bit number. 

Thus, for a conventional extrinsic block whose alpha and beta metric inputs are 8 bit 
numbers, the MAXstar tree must function with 1 0 bits of precision (FIGURE 8), whereas the 
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quadrant shifters of the present invention permit the MAXstar tree to function with 9 bits of 
precision (FIGURE 7A). This 1 bit savings can result in a substantial amount of gate savings 
in the MAXstar tree, and the gate savings benefit increases with the size of the MAXstar 
tree. 

FIGURE 9 diagrammatically illustrates exemplary embodiments of the quadrant 
shifter of FIGURE 7. In the example of FIGURE 9, binary values 90 in two's complement 
format, for example alpha or beta state metrics, are input to a quadrant identifier 9 1 which is 
responsive to the input values for producing quadrant information 92 indicative of the 
quadrant or quadrants in which the values are located. This quadrant information is input to 
a rotation selector 93 which is responsive to the quadrant information for selecting the 
rotation (value adjustment) that will be applied to the input values (e.g., what number to add 
to or subtract from the input values). The rotation selector 93 outputs selection information 
94 indicative of the selected rotation. This selection information is applied to a rotator (value 
adjuster) 95 which also receives the input values. The rotator 95 rotates the input values 90 
as instructed by the selection information 94 to produce corresponding rotated values 96 
(e.g., rotated alpha or beta state metrics for an extrinsic block). 

FIGURE 10 diagrammatically illustrates a portion of an exemplary embodiment of 
the quadrant identifier 91 of FIGURE 9. The example of FIGURE 10 uses 8 bit precision. 
The inputs A k>i (7) and A k ,i (6) represent bits 7 and 6 (the two most significant bits) of the ith 
state of the alpha metric at time k. These two most significant bits are used to determine the 
quadrant in which the value of the ith alpha state metric is located. The logic gates (AND 
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gates in this example) and associated input inverters at 101, 102, 103 and 104 respectively 
detect values in quadrants 0, 1, 2 and 3. The signal qA k)i (0) is activated in response to 
detection of a value in quadrant 0, the signal qA k>i (1) is activated when a value in quadrant 1 
is detected, the signal qA k>i (2) is activated when a value is detected in quadrant 2, and the 
signal qA k ,i (3) is activated in response to detection of a value in quadrant 3. The logic 
illustrated in FIGURE 1 0 can be replicated for each of the S states (corresponding to i = 0, 1 , 
. . . S-l) of alpha at time k. In such embodiments, the structure at FIGURE 10 would be 
replicated S - 1 more times in order to accommodate the respective values of the other S-l 
states of the alpha metric at time k. 

FIGURE 1 1 illustrates a further portion of an exemplary embodiment of the quadrant 
identifier 9 1 of FIGURE 9. The structure of FIGURE 1 1 includes a first OR gate 1 1 1 having 
inputs for receiving each of the S signals qA k>i (0) (for i = 0, 1, ... S-l) output by the 
aforementioned S logic gates 101 . Similarly, each of OR gates 1 12, 1 13 and 1 14 receives 
the S outputs from S associated logic gates at 102, 103 and 104, respectively. The outputs 
quad (0), quad (1), quad (2) and quad (3) of the OR gates 1 1 1 , 1 12, 1 13 and 1 14 respectively 
represent quadrants 0, 1, 2 and 3 of FIGURE 6. Because all alpha (or beta) state metric 
values must (by initial bit precision allocation) be located within a single quadrant or within 
two adjacent quadrants, only one or two of the OR gate outputs in FIGURE 1 1 will be active 
at the same time, and any two simultaneously active outputs will represent adjacent 
quadrants of the FIGURE 6 circle. The OR gate outputs in FIGURE 1 1 provide the quadrant 
information at 92 in FIGURE 9. 
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FIGURE 12 illustrates in tabular format an exemplary embodiment of logic in the 
rotation selector 93 of FIGURE 9. The input quadrant(s) column of FIGURE 12 represents 
the possible combinations of the signals quad (0) - quad (3) of FIGURE 11. More 
specifically, the signals quad (0) - quad (3) can indicate that the received values are located 
in quadrant 0, quadrant 1, quadrants 0 and 1, quadrant 2, quadrants 1 and 2, quadrant 3, 
quadrants 2 and 3 , or quadrants 0 and 3. For each possible quadrant or quadrants, the table 
indicates the rotation operation that will be selected by the rotation selector 93 and 
communicated to the rotator 95. The rotator 95 then rotates the input values as instructed to 
obtain the desired rotated values located in the quadrant or quadrants (0, 3 or both) shown in 
the output quadrant(s) column of FIGURE 12. 

For example, and referencing FIGURES 9-11, if the quadrant information at 92 (as 
supplied, for example, by the OR gates 111-114 of FIGURE 11) indicates that the input 
values are located in quadrants 0 and 1, then the rotation selector 93 selects the rotation 
operation of subtracting 64 and communicates this operation at 94 to the rotator 95. The 
rotator 95 then subtracts 64 from the input values in order to rotate those values into 
quadrants 0 and 3. As another example, if the quadrant information at 92 indicates that the 
input values are all located in quadrant 2, then the rotation selector 93 selects the rotation 
operation of adding 64, and communicates this operation at 94 to the rotator 95. The rotator 
95 then adds 64 to the input values, thereby rotating those values into quadrant 3. 

FIGURE 1 3 diagrammatically illustrates exemplary embodiments of the rotator 95 of 
FIGURE 9. The rotator in FIGURE 13 includes a multiplexer 131 which receives, in this 
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example, bit 6 of the ith alpha state metric and an inverted version of bit 6. The multiplexer 
131 is controlled by the selection information 94 produced by the rotation selector 93 of 
FIGURE 9. If the rotator is to add or subtract 64, then the selection information 94 controls 
the multiplexer 13 1 to select the inverted version of bit 6. Otherwise, for adding 128 or for 
performing no rotation, the selection information at 94 controls the multiplexer 1 3 1 to select 
bit 6. The structure of FIGURE 13 can be replicated for each of S (i = 0, 1 . . . S-l) states. 

Although exemplary embodiments of the invention are described above in detail, this 
does not limit the scope of the invention, which can be practiced in a variety of 
embodiments. 
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